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5) Repeat until suf� ciently converged.
One complicationof IP orbital motion is that the results obtained

depend not only on the distance traveled, but also on the direction.
In particular, results for translations along the VBAR (the easiest
direction to translate along) are signi� cantly different from those
for RBAR transfers. However, both the IP and OOP results can be
used to quantify the maximum range that is achievable in a given
time for a speci� ed acceleration level, by considering transferswith
zero-lengthcoast phases.Similarly, they can be used to examine the
effect of increasingacceleration level on the total maneuver 1v for
transfers between two speci� ed points in a given time. Results will
be presented here for IP transfers from the origin to a point along
the positive RBAR; the corresponding results for VBAR and OOP
transfers are given in Ref. 9.

The maximum distance achievable for transfers along the RBAR
is given in Fig. 1. It can be shown to be considerably less than
the corresponding distances for transfers along the other two axes;
this re� ects the dif� culty of maneuvering along the RBAR. This
dif� culty is also demonstrated by the relatively small maximum
hover distance, or RBAR hover limit [the maximum radial distance
at which the spacecraftis able to stationkeepby thrustingconstantly;
from Eq. (1), this distance is zh D a=3!2] of just under 2000 ft for
an acceleration of 250 ¹g. Figure 2 then shows how the maximum
maneuver 1v depends on vehicle acceleration; the dashed line in
this case shows the value obtained by the standard CW targeting
equations for an impulsive vehicle. It can be seen that increasing
vehicle acceleration from 250 to 2500 ¹g leads to a reduction in
total maneuver 1v of around 20%; this reduction in the maneuver
propellant requirement is quite signi� cant.

Conclusions
This Note has studied low-thrustproximityoperationsof the type

arising with the new class of orbital inspection vehicles. Closed-
form expressionswere � rst derived for the trajectoryof a spacecraft
that is acteduponbya continuousthrust.Thesewere thenused as the
basis for a numerical procedure for generating a rest-to-rest ACD
trajectory that takes a vehicle with a speci� ed acceleration level
between two desired points in a speci� ed time. This analysis leads
to the following main conclusion: increasing vehicle acceleration
by an order of magnitude above the theoretical minimum leads to
signi� cantly reduced propellant consumption.
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I. Introduction

S EVERAL methods for generating command pro� les for � exi-
ble spacecraft have recently been proposed.1¡7 Many of these

techniques have been directed toward systems equipped with on–

off reaction jets. Using the commands generated by these methods,
a � exible spacecraft can be moved with small levels of residual
vibration. Furthermore, the commands can be robust to modeling
errors,2;4;8 limit transient de� ection,5 and limit fuel consumption.6

Although these techniques are powerful, they have the drawback
that a separate numerical optimizationmust be performed to gener-
ate the command for everyuniquemotion.This drawbackintroduces
a time delay at the start of every motion, or requires the command
pro� les to be precomputed and stored for retrieval.

Consider rest-to-rest slewing of a two-mass and spring system
where the control force acts on the � rst mass m1 . To account for the
case of on–off actuators, the force is restricted to values of umax , 0,
and ¡umax . If all system parameters (m1, m2 , k, umax) are set equal
to 1, then the system has a natural frequency of

p
2 rad/s and a

force-to-mass ratio of 0.5.
Designing a bang-bang command pro� le (the simplest on–off

command) to move the benchmark system, a desired distance is
straightforward. If we assume that the bang-bang command begins
at time zero, then the only unknown is the switch time t2 because the
durationof the negativepulse must equal the durationof the positive
pulse to bring the system to rest. The value of t2 can be obtained
from the rigid-body dynamics as

t2 D xd=® (1)

where xd is the desired move distance and ® D umax=.m1 C m2) is
the force-to-mass ratio. The bang-bangcommand moves the center
of mass to the desired position, but signi� cant residual oscillations
will usuallyexistwhen the systemhas � exibility.However, thebang-
bang command has the advantageof being completelydescribedby
the simple expression given in Eq. (1).

By taking into account the system � exibility, time-optimal and
near time-optimal command pro� les can be generated to eliminate
the residual vibration.1¡6;8 The time-optimal open-loop command
pro� les for linear systems are multiswitch bang-bang commands
that must be obtained using a numerical optimization.The rise time
is slower than with the bang-bang command, but the residual os-
cillation is eliminated. The development of time-optimal � exible-
body commands will not be explained here, but we emphasize that
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Fig. 1 Generating an on–off command using transition shaping.

a numerical optimization is required to obtain the switch times of
the command for each unique motion. Additionally, methods that
verify the results of the required numerical optimization must be
used to ensure consistent performance.8

The goal of this work is to eliminate the need for numerical op-
timization when generating on–off command pro� les for � exible
spacecraft.Commands that can be describedby simple functionsof
the system frequencies,the desired move distance, and the force-to-
mass ratio will be developed.

The vibration induced by a bang-bangcommand results from the
three step transitions in the actuator state: 1) zero to positive, 2)
positive to negative, and 3) negative to zero. Because a bang-bang
commandgivesa rapid rigid-bodyresponse,theprocedureproposed
here forms a pseudo-bang-bangcommand whose transitionsdo not
cause residual vibration.

The command generation method consists of two phases. First,
segments of the command pro� le are generated so that they accel-
erate the system without causing residual vibration. We emphasize
that these segments are not entire command pro� les, but rather they
cause changes in the actuator state without causing residual vibra-
tion. In the second phase the command segments are combinedwith
periodsof constantaccelerationto form the entire command pro� le.
The � exible dynamics of the system are canceled by the actuator
state transitions. The rigid-body requirements are then taken into
account by specifying the time between the actuator state transi-
tions. This two-step processwill be referred to as transitionshaping
and is shown schematically in Fig. 1. For this general case the � rst
transition contains n switches, the second has m switches, and the
third has p switches.

The method proposed here has similarities to control methods
developedpreviously for moving suspendedpayloads.9¡11 The pre-
vious methods generated on–off commands that accelerated sus-
pended payloads up to constant velocity and then decelerated them
without residual vibration. The commands developed here are not
for constant velocity motion, but rather the commands accelerate
the system up to the midpoint of the maneuver and then decelerate
to a rest position. Additionally, the technique presented here can
be made robust to modeling errors, can handle multiple modes of
vibration, and can produce fuel-ef� cient command pro� les.

II. Command Generation for Single-Mode Systems
A. One-Unit Transitions

There are several methods of transitioning an on–off actuator
state from zero to positive without causing residual vibration. One
simple way to accomplish such a transition is to turn the actuator
on for T /6 seconds, where T is the period of system vibration, turn
the actuator off for T /6 seconds, and then turn the actuator back
on. Such a command transition is shown in the upper right part of
Fig. 2a. The vibration inducedby the three switchesadds up to zero.
This can be better understoodby interpreting the transitionas a step
function convolved with a sequence of impulses given by12

Ai

ti
D

1 ¡1 1

0 T=6 T=3
(2)

where Ai and ti are the impulse amplitudes and time locations. By
superimposingthe response(of ourbenchmarksystem) fromeachof
the three impulses given in Eq. (2), one � nds that the total response
has zero residual vibration.12

The process of convolvingan impulse sequence with a step func-
tion to generate an on–off command pro� le can be considered a

a) One-unit transitions

b) Two-unit transitions

Fig. 2 Actuator state transitions.

special case of input shaping, and the impulse sequence is called
an input shaper.13 Given that the input shaper described by Eq. (2)
yields zero residual vibration, then the command formed by con-
volving the shaper with a step input will also lead to zero residual
vibration.13 The shaper given in Eq. (2) does not generate the fastest
possible transition; however, it is of interest because it does not
produce negative pulses. Note that the shaper contains a negative
impulse, but the resulting transition(the convolutionproduct shown
in Fig. 2a) does not contain a negative pulse. Consequently, this
is a fuel-ef� cient transition.6 The time-optimal transition requires
a negative pulse and can be obtained by using an input shaper de-
scribed by12

Ai

ti
D

&$1 ¡2 2

0
cos¡1.1=4/

2¼
T

cos¡1.¡1=4/

2¼
T

’%

D
1 ¡2 2

0 0:20978T 0:29022T
(3)

When the system model is not exact, the command transition
produced by either Eq. (2) or (3) will result in some � nite amount
of residual vibration. As the actual frequency deviates from the
modeling frequency, the amplitude of residual vibration increases
rapidly. This result has motivated the development of robust input
shapers. A robust time-optimal shaper is given by12

Ai

ti
D

1 ¡2 2 ¡2 2

0 0:1524T 0:2774T 0:6313T 0:679T
(4)

If Eq. (4) is used to generate an actuator state transition, then the
vibration remains small even when the actual frequency deviates
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considerably from the modeling frequency. The robustness is ob-
tained by forcing the derivative of the residual vibration amplitude
equal to zero at the modeling frequency.13

Four possible transitionsfrom zero to a positive actuator state are
shown in Fig. 2a. The nonrobust transitions are in the top row and
are labeled zero vibration (ZV) because they are designed by only
requiring zero residual vibration.The robust transitions are labeled
zero vibration and derivative (ZVD) because the zero derivative
constraint is also satis� ed. The columns are further labeled time
optimal (TO) or fuel ef� cient (FE), where the key difference is that
the FE transitions do not contain negative pulses. These one-unit
transition functions also can be used to go from negative to zero
actuator effort by simply reversing the transition.

B. Two-Unit Transitions
The � rst and third transitions of a pseudo-bang-bangcommand

can be generated with the functions shown in Fig. 2a. However, the
second transition of the command (positive to negative) is different
because it is a change of two units (2umax ). The simplest vibration-
free transition from positive to negative can be accomplished with
only two switches. The actuator is turned off, the system coasts for
T /2, and then the actuator state is turnednegative.This is the ZV FE
transition and is one of the four possible two-unit transitions shown
in Fig. 2b.

C. Complete Command Pro� les
The transition functions shown in Fig. 2 can be used in a sim-

ple two-step process to generate command pro� les that perform
rest-to-rest motion. First, a shaper is selected for each of the three
transitions in the pseudo-bang-bangcommand. Second, the neces-
sary time between transitions is determined from the rigid-body
requirements.

To demonstratethis process,commands for ZV FE motionwill be
designed.The � rst and third transitionswill use the one-unitZV FE
transitionfromFig. 2a.The middle transitionwill beperformedwith
the two-unit ZV FE transitionof Fig. 2b. A command pro� le will be
describedby its three transitions.The commandunderconsideration
is then a ZV FE-FE-FE command. This command is antisymmetric
and can be described as

Ai

ti
D

1 ¡1 1 ¡1 ¡1 1 ¡1 1

t1 t2 t3 t4 t5 t6 t7 t8
(5)

For antisymmetriccommandsonly the switch timesup throughmid-
maneuver tm need to be determined. In this case tm lies directly be-
tween t4 and t5 . For the ZV FE-FE-FE command, t2 , t3 , t4 , and t5
must be determined (t1 D 0). From Fig. 2a t2 and t3 are known to be
T /6 and T /3, respectively.From Fig. 2b the spacing between t4 and
t5 is known to be T /2. Therefore,

tm D t4 C .T=4/ (6)

The value of t4 is now determined from rigid-body mechanics.
At midmaneuver the position of the center of mass xtm must be at
one half of the desired move distance. By simply integrating the
rigid-body equation of motion with respect to time, an expression
for the mass center position as a function of the switch times is
obtained:

xtm D xd =2 D .®=2/ ¡t2
2 C t2

3 ¡ t2
4 C ®tm [t2 ¡ t3 C t4] (7)

Using Eqs. (6) and (7) and the known values of t2 and t3, t4 is found
to be

t4 D .¡T=12/ C .T=12/2 C .xd =®/ (8)

By symmetry, the entire ZV FE-FE-FE command is now known to
be given as

Ai

ti
D

1 ¡1 1 ¡1 ¡1 1 ¡1 1

0 T=6 T=3 .¡T=12/ C .T=12/2 C .xd=®/ t4 C .T=2/ t5 C t4 ¡ t3 t5 C t4 ¡ t2 t5 C t4

(9)

An on–off command can be generated by simply substituting the
system parameters into Eq. (9). As expected, the closed-form com-
mands are slower than the time-optimal commands. This drawback
is obviously countered by the ease of generating the closed-form
commands.What is not obviousthus far are the advantagesprovided
by the closed-form commands in terms of fuel savings, robustness
to modeling errors, and decreased maximum transient de� ection.
These will be discussed in Sec. III.

Before proceeding with the design of commands involving other
combinationsof transitions, it should be noted that the closed-form
commandscannotbeused forverysmallmovedistances.A problem
occurs because the time durations of the three transitions are � xed
by the � exible-bodydynamics.The minimum move distanceoccurs
when the three transitionsoccur sequentiallywithout delay. For the
ZV FE-FE-FE command the minimum move distance occurs when
t4 D t3 . Using this condition, the minimum move distance for the
ZV FE-FE-FE command can be calculated as

[xmin]ZV FE-FE-FE D .®=6/T 2 D 0:16667®T 2 (10)

For the benchmark system the minimum move distance using the
ZV FE-FE-FE command is 1.645 units. As an alternate form for ex-
pressing this constraint, the minimum move time can be calculated.
In this case moves lasting less than 7

6 of the vibration period cannot
be performed.

To decrease the minimum move distance and improve the rise
time, time-optimaltransitionscanbeused.The designof theZV TO-
TO-TO commandproceedsin exactly the same manner as for the ZV
FE-FE-FE command, except that the time-optimal transitions from
Fig. 2 are used. The time-optimal transitions produce only a very
small improvement in rise time while causing a signi� cant increase
in fuelusage (the time theactuatoreffort is nonzero). A similareffect
has been noted previously for numerically obtained commands.6

The main advantage of time-optimal transitions is that they allow
for smaller move distances. In this case xmin D 0:086627®T 2.

Note the signi� cant decrease in the minimum move distance as
compared to that given in Eq. (10) for the ZV FE-FE-FE command.
At this point we reiterate that transition shaping does not produce
time-optimal commands. The ZV TO-TO-TO command uses time-
optimal transitions, but it is not the time-optimal command that
moves the system with zero residual vibration.

As mentioned previously, ZV commands are not robust to mod-
eling errors. Robust shapers, such as the ZVD shapers,must be used
on most real systems. The ZVD FE-FE-FE command is given by

Ai D [1 ¡1 1 ¢ ¢ ¢ 1 ¡2 1 ¡1 ¢ ¢ ¢ 1]

t2 D 0:08951T; t3 D 0:36623T

t4 D 2t3 ¡ t2; t5 D 2t3
(11)

t6 D ¡0:04259T C .0:04051T /2 C .xd=®/

t7 D t6 C 0:099161T; t8 D t6 C 0:323643T

t9 ! t15: by symmetry; xmin D 0:599075®T 2

There are a great variety of commands that can be designed with
transition shaping. For example, an asymmetrical command such
as a ZV TO-FE-FE command can be designed, or a command with
both ZV and ZVD constraints can be constructed.

III. Comparison of Single-Mode Commands
When designing command pro� les for � exible spacecraft, there

are several tradeoffs that must be considered. Rapid motion is de-
sired, but fuel usage, maximum transient de� ection, and robustness
to modeling errors also must be within acceptable bounds. This
section evaluates these quantities for the closed-form commands,
and comparisonswill be made to time-optimal commands obtained
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usingnumerical optimization.As mentionedpreviously,commands
using time-optimal transitions are usually poor alternatives to com-
mands containing fuel-ef� cient transitions because they improve
maneuver speed only slightly while requiring a large increase in
fuel expenditure.Therefore, this section will only compare closed-
form, fuel-ef� cient commands to time-optimal commands.

A. Move Duration
The duration of a move is usually de� ned as the length of time

from the start of motion to the pointwhen the vibrationhas settled to
within a tolerable level. When using shaped commands to eliminate
residual vibration, the settling time coincides with the length of the
command.The ZV FE-FE-FE command averagesonly 9.4% longer
than the TO ZV command over the range 10 · xd · 40. The ZVD
FE-FE-FE commands average 15% longer than the TO ZVD com-
mand. The percentage increase in move time with the closed-form
commands decreases with move distance. Therefore, they become
more attractive solutions as the move distance increases.

B. Fuel Usage
The amount of fuel used during the slewing of � exible spacecraft

is very important. The fuel usage (measured by the time duration
the actuators are turned on) of the time-optimal commands is equal
to the move durationbecause the actuatorsare turned on throughout
the motion. The closed-form commands always use less fuel than
the time- optimal commands. The ZV FE-FE-FE command uses an
average of 16.8% less fuel than the TO ZV command, whereas the
ZVD FE-FE-FE uses an average of 17.7% less fuel than the TO
ZVD command over the range 10 · xd · 40.

C. Maximum Transient De� ection
Another important consideration is the maximum de� ection that

occurs during the motion. The shaped commands control the resid-
ual vibration, but no provision is made for limiting the transient
de� ection. Techniques for limiting maximum transient de� ection
have been developed5 but will not be treated here. The de� ection
for the benchmark system is de� ned as the position of m2 minus
the position of m1 .jx2 ¡ x1j/. The closed-form commands cause a
maximum de� ection of 0.5 units, whereas the TO ZV commands
cause twice as much de� ection for most moves. The TO ZVD com-
mand leads to maximum de� ections in the 0.5 to 1.0 range.Without
directly addressing the problem the closed-form commands signif-
icantly reduce the transient de� ection as compared to time-optimal
commands.

D. Robustness to Modeling Errors
All of the commands under consideration produce motion with

zero residual vibration provided that the system model is perfect.

t¯ D [¡t2 C t3 ¡ ¢ ¢ ¢ C tn ¡ 1 ¡ 0:5.ty C tz/]

C 2 t 2
2 C t 2

4 C ¢ ¢ ¢ t 2
n ¡ 2 C ¡t 2

a C t 2
b ¡ t 2

c ¢ ¢ ¢ C 0:25 * t 2
y C t 2

z C 2t2.¡t3 C t4 ¢ ¢ ¢ ¡ tn ¡ 1/ C 2t3.¡t4 C t5 ¢ ¢ ¢ C tn ¡ 1/

C 2t4.¡t5 C t6 ¢ ¢ ¢ ¡ tn ¡ 1/ ¢ ¢ ¢ ¡ tn ¡ 2.tn ¡ 1/ ¡ 0:5ty tz C ty.ta ¡ tb C tc ¢ ¢ ¢ C ty ¡ 1/ C tz.ta ¡ tb C tc ¢ ¢ ¢ C ty ¡ 1/ C .xd=®/
(12)

When the model is imperfect, the amplitude of residual vibration is
highly dependent on the command. The ZVD commands are much
more robust than the ZV commands; however, the level of robust-
ness is dependent on the move distance and the type of command.
For example, the TO ZVD command is much less robust than the
ZVD FE-FE-FE command. Using a measure of robustness called
insensitivity,12 the ZV FE-FE-FE command averages 450% more
robustness than the TO ZV command over the range of move dis-
tancesup to xd D 40. The ZVD FE-FE-FE commandaverages360%
more robustness than the TO ZVD command.

The large increases in robustness provided by the closed-form
commands warrant some explanation. Any type of on–off com-

mand eliminates vibration by summing to zero the vibration caused
by each switch in the command. Time-optimal commands perform
this cancellationonly at the end of the maneuver, so the � nal switch
must cancel the vibration caused by all of the previous switches.
The closed-form commands do not wait until the end of the ma-
neuver to cancel vibration; each transition results in zero residual
vibration.

For example, assume that the modeling frequency is 10% higher
than the actual frequency. The time locations of the switches in
the ZV FE-FE-FE command will be incorrect by 10%. Examining
the middle transition (positive to negative), we see that the period
between t4 and t5 is one half period of the modeling frequency.That
is, t5 occurs after the vibration from t4 has completed 180 deg of its
cycle. Given that the actual period is 10% longer than the modeling
period, t5 occurs after the vibration inducedat t4 has completedonly
164 deg of its cycle; t5 is incorrectby 16 deg. This type of analysis is
also applicable to the � rst and third transitions;each of the switches
in the entire command is, at most, 16 deg away from the intended
location.

Under the same examination a very different result is obtained
for time-optimal commands. Consider the TO ZV command for
xd D 5. The � nal impulse t5 is located at 1.5 periodsof the modeling
frequency; it should occur 540 deg after the � rst impulse. Given
the same 10% modeling error used in the preceding paragraph, t5
occurs 491 deg after the � rst impulse; it is incorrect relative to the
� rst impulse by 49 deg. Because time-optimal commands do not
cancel vibration until the � nal impulse, any modeling error will be
multiplied by the number of vibration cycles that occur during the
slew. Given that the closed-form commands cancel vibration well
within one cycle of the vibration, modeling errors do not multiply,
and robustness is greatly improved.

IV. Command Generation for Multimode Systems
The processof transitionshapingcan be extendedin a straightfor-

ward manner to multimode systems. The same basic two-step pro-
cess is used; however, analytic formulas do not exist for multimode
on–off transitions. Furthermore, it is not generally possible to take
single-mode shapers and convolve them together to form a multi-
mode shaper. If this convolution is done, then the convolved in-
put shaper could contain several positive (or negative) impulses in
sequence. When convolved with a step input, this shaper would
lead to a command pro� le that exceeds the actuator bounds of
§umax .

For the multimode case, the transitionsmust be obtained through
the one time use of a numerical optimization. Once the transitions
are obtained, commands can be generated for any move distance
without having to perform additional numerical optimizations. For
antisymmetric pro� les the beginning of the second transition t¯ is
given by

where ty and tz are the middle times of the second transition.Once t¯

is calculated, the complete pro� le is determined by using the same
time spacing between the second and third transitions.

V. Simulation Results
To demonstrate the process of transition shaping on a com-

plex � exible system, simulations were performed using Draper
Laboratory’s computermodel (the DRS) of the Space Shuttle and its
teleroboticmanipulator (the RMS). The DRS was developedover a
period of 10 years and has been veri� ed numerous times with actual
Shuttle � ight data. The simulations performed for this Note include
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Fig. 3 Endpoint response to jet-coast-jet and transition-shaped com-
mand pro� les.

a model of the Hubble Space Telescope deployed on the RMS in
the extended park position. The simulations reorient the system by
� ring the Shuttle’s reaction jets.

The � rst simulation � red a jet for approximately15 s, let the sys-
tem coast for 8 s, and then � red a roughly opposing jet for 15 s to
decelerate the system. The second simulation used a ZVD closed-
form command pro� le designed to perform the same rigid-body
motion. The actuator state transitions were generated to suppress
the two most important modes of the system, 0.065 and 0.134 Hz.
Figure 3 compares the system response to both the jet-coast-jet
and the transition-shaped command pro� les. The data plotted in
Fig. 3 is the POR (Point of Resolution) X coordinate. The POR
is a position vector from the tip of the manipulator to a point
� xed in the rigid-body reference frame of the Space Shuttle. Us-
ing the jet-coast-jet command, the endpoint oscillation is over 20
in. With the transition-shapedcommand pro� le the residual oscilla-
tion is reduced to less than 1.5 in., well over an order of magnitude
reduction.

VI. Conclusions
A closed-form method for generatingon–off commands for � ex-

ible spacecraft was presented. The commands offer considerable
advantages over time-optimal commands in terms of fuel usage,
transient de� ection, and robustness to modeling errors. The cost of
these advantagesis a modest increasein the slew duration.The most

signi� cant advantage provided by the new commands is their ease
of design and implementation.
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